We study the Birman exact sequence for compact 3-manifolds.
Introduction
The mapping class group Mod(M ) of a manifold M is the group of equivalence classes of self-homeomorphisms of M . A number of related definitions can be made by varying the type of self-homeomorphism considered and the equivalence relation used (see [9] Section 2.1, for example).
In [4] , Birman gave a relationship (now known as the 'Birman exact sequence') between the mapping class group of a manifold M and that of the same manifold with a finite number of points removed, focusing particularly on the case that M is a surface. When only one puncture is added, the result is as follows (definitions are given below). The aim of this paper is to study this exact sequence for compact 3-manifolds. Our main results are as follows. Theorem 7.2. If M is a compact, connected 3-manifold then there is a finitely generated group K, a finite group J and a group L ≤ Z 3 such that there are exact sequences 1 → L → K → J → 1
Corollary 7.5. Suppose M is a compact, orientable 3-manifold. Then either there is an exact sequence
or M is prime and Seifert fibred. In particular, if M is hyperbolic with finite volume then the exact sequence holds.
Throughout we work in the piecewise linear category. Although Birman worked with homeomorphisms up to homotopy, we will consider them up to isotopy. For surfaces, the following result of Epstein (extending work of Baer) shows that these two equivalence relations are the same for our purposes. That this is not true in general for 3-manifolds is shown in [11] .
In addition, for t ∈ [0, 1], the map x →Ĥ(x, t) is a composition of homeomorphisms of M , and so is itself a homeomorphism of M . ThereforeĤ is an isotopy between the maps x → H(x, 1) and x → H ′ (x, 1) in M p ′ . Note that if H and H ′ fix the boundary throughout then so doesĤ.
Thus the isotopy class of φ ρ as a homeomorphism from M p to M p ′ is welldefined given the path ρ. by ρ ′ (t) = ρ(f (t)). Then (x, t) → H ρ (x, f (t)) is an ambient isotopy that can be used to define φ ρ ′ . Note that φ ρ (x) = H ρ (x, 1) = H ρ (x, f (1)) = H ρ ′ (x, 1) = φ ρ ′ (x) for x ∈ M . That is, re-parametrising the path ρ does not change the isotopy class of φ ρ on M p ′ .
The following theorem is a specific case of the central result of [7] (see also [22] ). Theorem 2.7. Let M ′ be a compact, connected n ′ -manifold for n ′ ≥ 3. Let ρ 1 , ρ 2 : [0, 1] → int(M ′ ) be embeddings with ρ 1 (0) = ρ 2 (0) and ρ 1 (1) = ρ 2 (1). Suppose that ρ 1 and ρ 2 are homotopic relative to their endpoints. Then there is an ambient isotopy between them that keeps ρ 1 (0), ρ 1 (1) and ∂M ′ fixed.
Proposition 2.8. Let ρ and ρ ′ be paths in int(M ) with ρ(0) = ρ ′ (0) = p and ρ(1) = ρ ′ (1) = p ′ . Suppose that ρ and ρ ′ are both embedded, and that they are homotopic in M relative to their endpoints. Then φ ρ and φ ρ ′ are isotopic as maps from M p to M p ′ by an isotopy that keeps ∂M fixed.
Hence H ρ ′ can be used to define φ ρ ′ .
Define a fourth isotopyĤ :
t (x))). Then for x ∈ M and t ∈ [0, 1],
ThereforeĤ is an isotopy between φ ρ and φ ρ ′ that sends p to p ′ throughout. Moreover,Ĥ keeps ∂M fixed.
We now extend Proposition 2.8 to all paths rather than just embedded ones. In doing this, it is important that we are working in the piecewise linear category, as this implies that all paths (except the constant paths) are piecewise embedded up to re-parametrisation. Corollary 2.9. Let ρ and ρ ′ be paths in int(M ) with ρ(0) = ρ ′ (0) = p and ρ(1) = ρ ′ (1) = p ′ . Suppose that ρ and ρ ′ are homotopic in M keeping their endpoints fixed. Then φ ρ and φ ρ ′ are isotopic as maps from M p to M p ′ by an isotopy that keeps ∂M fixed.
Proof. First assume that p = p ′ . We will show that there exists an embedded path ρ ′′ homotopic to ρ relative to its endpoints such that φ ρ is isotopic to φ ρ ′′ through maps fixing p ′ and ∂M . It will then follow that an analogous such path exists for ρ ′ , and applying Proposition 2.8 to these two paths will complete the proof.
Choose t 0 = 0 < t 1 < · · · < t n−1 < t n = 1 that divide ρ into a finite sequence ρ 1 , . . . , ρ n of embedded paths. Isotope each path ρ i keeping its endpoints fixed to a path ρ i,a such that ρ i,a is embedded and, away from its endpoints, is disjoint from ρ and from ρ j,a for j = i. Figure 1 shows a schematic picture of this in the case n = 3, with the path ρ taking the form σ · σ −1 · σ for an embedded arc σ. Let ρ a be the path ρ 1,a · ρ 2,a · · · ρ n,a . By Proposition 2.8, φ ρ1 is isotopic to φ ρ1,a in M ρ(t1) , and φ ρa = φ ρn,a • · · · • φ ρ1,a is isotopic to φ ρn • · · · • φ ρ1 = φ ρ in M ρ(tn) = M p ′ . All these isotopies also fix ∂M . Now, for 1 ≤ i ≤ n, let t i,a = 1 2 (t i−1 + t i ). Then ρ a (t 1,a ), . . . , ρ a (t n,a ) are distinct from each other and from p and p ′ . Together with t 0 and t n , these values of t divide ρ a into paths ρ 0,b , ρ 1,b , . . . , ρ n,b , each of which is embedded. Isotope each path ρ i,b keeping its endpoints fixed to a path ρ i,c so that the path ρ c = ρ 0,c · · · ρ n,c is embedded (again, see Figure 1 ). Then, again by Proposition 2.8, φ ρc is isotopic to φ ρa in M p ′ , and so is also isotopic to φ ρ . Thus ρ c is the path ρ ′′ required.
Now suppose that p = p ′ . Choose an embedded path σ from p to a distinct point p ′′ . Then the paths ρ · σ and ρ ′ · σ are piecewise embedded and are homotopic keeping their endpoints fixed. Thus φ ρ·σ is isotopic to
Remark 2.10. Although the constant path t → p is not piecewise embedded, the proof of Corollary 2.9 also holds in this case. For convenience, we will treat the constant path as a simple closed curve. The reader may, if they prefer, replace this with an embedded loop within a neighbourhood of p.
Corollary 2.11. Let p ∈ int(M ) and let ρ be a loop in int(M ) based at p. Then there exists a simple closed curve ρ ′ in int(M ) based at p such that φ ρ and φ ρ ′ are isotopic maps of M p .
Lemma 2.12 ([17] Addendum 2.2). Let M
′ be a manifold with compact boundary, and let N (∂M ′ ) be a neighbourhood of ∂M ′ . Then any isotopy of ∂M ′ can be extended to an ambient isotopy supported on N (∂M ′ ).
Lemma 2.13. Let ψ : (M, ∂M ) → (M, ∂M ) be a homeomorphism that is isotopic to the identity on M . Then there exists a homeomorphism ψ ′ : (M, ∂M ) → (M, ∂M ) that is isotopic to the identity on M by an isotopy that keeps ∂M fixed, such that ψ ′ is isotopic to ψ by an isotopy that keeps p fixed.
be the isotopy from the identity to ψ. Choose a neighbourhood N (∂M ) of ∂M that does not contain p. By Lemma 2.12, the restriction of H to ∂M extends to an ambient isotopy
Hence ψ ′ is isotopic to the identity by an isotopy that fixes ∂M .
Lemma 2.14. Let p ∈ int(M ), and let ψ : (M, ∂M, p) → (M, ∂M, p) be a homeomorphism that is isotopic to the identity on M . Then there exists a simple closed curve ρ in int(M ) such that ψ is isotopic to φ ρ keeping p fixed. Moreover, if the isotopy between ψ and the identity fixes ∂M then the isotopy between ψ and φ ρ can also be made to do so.
. Then H can be used to define φ ρ ′ , so φ ρ ′ = ψ. Using Corollary 2.11 we may replace ρ ′ by a simple closed curve ρ.
If H does not fix ∂M , by Lemma 2.13 we may first isotope ψ, keeping p fixed, to a homeomorphism ψ ′ of M p that is isotopic to the identity by an isotopy that fixes ∂M . Then there exists a simple closed curve ρ based at p such that ψ ′ is isotopic to φ ρ keeping p fixed.
Altering isotopies
The main purpose of this section is to prove Lemma 3.5, which under certain conditions gives control over the boundary of a surface being isotoped within a 3-manifold. We will not make use of this lemma until Section 6, but we include the proof here as it is closer in style to those of Section 2. 
Proof. Let X = R/ ∼, where x ∼ x + m for x ∈ R and m ∈ Z, so that
for x ∈ R and t ∈ [0, 1]. This descends to an isotopy of X×{1} ⊆ M ′ . By Lemma 2.12, this extends to an isotopy
, which is the image of ρ 1 under the isotopy H 1 , and let ρ 2 : [0, 1] → M ′ be the lift of ρ 2 beginning at ρ 2 . As π R ( ρ 2 (1)) = 0, the loop ρ 2 · ρ −1 0 is null-homotopic in M ′ , meaning the arcs ρ 0 and ρ 2 are homotopic keeping their endpoints fixed. Now consider the circle X × {1}. The map (x, 1) → H 1 (ψ(x, 1), 1) is an orientation-preserving homeomorphism that takes (0, 1) to itself. By Theorem 3.2, this map is isotopic to the identity map on X × {1} by an isotopy keeping (0, 1) fixed. Lemma 2.12 shows that this isotopy can be achieved by an ambient isotopy of M ′ that also keeps X × {0} fixed. Although the arc ρ 2 may move under this isotopy, ρ 0 and ρ 2 are still isotopic relative to their endpoints, so by Theorem 3.3 there is an ambient isotopy of M ′ , fixed on ∂M ′ , after which ρ 2 coincides with ρ 0 . We now have that X × {0, 1} ∪ {0} × [0, 1] is mapped by the identity. The complement of this set in M
′ is an open disc. By Theorem 3.1, there is therefore a final isotopy, fixed on X × {0, 1} ∪ {0} × [0, 1], to the identity. Lemma 3.5. Suppose that M is a 3-manifold and let S be a toral boundary component of M . Let R ⊆ M be a properly embedded surface. Suppose that every loop in R ∩ S is essential in S. Then R ∩ S consists of finitely many parallel simple closed curves.
Choose an essential simple closed curve σ on S, based at a point p ′ on S, that is parallel to the curves of R ∩ S if any exist. Define θ : π 1 (S, p ′ ) → Z to be the algebraic intersection with σ, and let G = ker(θ). Let ( S, p ′ ) be the infinite cyclic cover of (S, p ′ ) with π 1 ( S, p
be an isotopy from the identity to a homeomorphism ψ : (M, ∂M ) → (M, ∂M ) where ψ(R ∩ S) = R ∩ S. Let H S : S × [0, 1] → S and ψ S : S → S be the restrictions of H and ψ respectively to S. Then H S lifts to an isotopy H S : S × [0, 1] → S from the identity on S to a lift ψ S : S → S of ψ. Let R S be a lift of R ∩ S to S.
Proof. If R∩S = ∅ then the result is trivial. We will therefore assume otherwise.
Choose a product neighbourhood N (S) = S × [0, 2] of S in M , with S = S × {0}. We may choose the product structure such that R∩N (S) = (R∩S)×[0, 1]. We will define H ′ as a concatenation of three isotopies H 1 , H 2 and H 3 , where H 2 and H 3 are supported in N (S).
For
For y ∈ S and t ∈ [0, 1],
so H 1 is continuous. Now x → H 1 (x, 1) coincides with ψ on M \ N (S) and acts as a homeomorphism on S × {1}. Note also that, for t ∈ [0, 1], the map x → H 1 (x, t) restricts to the identity on S.
Define
, s) for y ∈ S and s ∈ [0, 1]. We will define H 2 so that it is supported on S × [0, 1] (and therefore keeps S × {1} fixed) and such that
, and so the map x → H 3 (x, t) is a homeomorphism of M . Therefore H 3 is an isotopy. In addition, for each
2t ≤ s and s = t or t < s and
We now return to defining the isotopy H 2 . Since it will be supported on S × [0, 1], we will only give the definition there.
We may assume that p ′ ∈ R and σ runs once around the component of R ∩ S containing p ′ . Choose an essential simple closed curve σ ′ on S, based at p ′ , that crosses each curve of R ∩ S exactly once. Express S as ([0, 1] × [0, 1])/ ∼ S , where (0, t) ∼ S (1, t) and (t, 0) ∼ S (t, 1) for t ∈ [0, 1], such that σ(t) = (t, 0) and
Let σ be the lift of σ in R S beginning at p ′ . We may assume that p ′ = σ(0) = (0, 0), and hence also that σ(t) = (t, 0) for t ∈ [0, 1]. Each component of R S is separating in S. Therefore, the isotopy H S cannot change the order in which these components lie in
. Let ρ be the arc of T σ ∩ T σ ′ , which is given by ρ(t) = (p ′ , t). We will use T σ and T σ ′ to guide the definition of the isotopy H 2 , using standard 3-manifold techniques. However, care is needed in this case as the purpose of Lemma 3.5 is to control the isotopy on S × [0, 1]. First isotope T σ , T σ ′ and ρ using the isotopy H 1 .
Let ρ be the lift of ρ to S × [0, 1] beginning at (0, 0, 0), which is given by 
As g(0, t) = g(1, t) = 0, the map (x, y, s) → H ρ (x, y, s, t) acts as the identity on
. This means that, by the end of the isotopy H ρ , the arc ρ ⊆ T σ has been carried to a simple arc within σ
By Lemma 3.4, there is an isotopy of T σ , fixed on σ × {1}, after which σ × [0, 1] is mapped by ψ ∂ . Using Lemma 2.12, the restriction of this isotopy to σ × {0} can be extended to one on S × {0} that is fixed on (R ∩ S) \ σ, and then the resulting isotopy of T σ ∪ (S × {0, 1}) (acting by the identity on S × {1}) can be extended to an ambient isotopy in S × [0, 1].
We now turn our attention to the second annulus
The other boundary curve T σ ′ ∩ (S × {1}) is therefore homotopic to ψ S (σ ′ ) × {0} by a homotopy keeping (ψ S (p ′ ), 0) fixed. Moreover, it meets each circle in R ∩ S exactly once, and these points break it into simple arcs, each of which connects the two boundary components of the annulus of S \ R in which it lies.
The next step is to see that there is an isotopy of S, keeping σ fixed and keeping R ∩ S invariant, that ends at ψ S . Using Lemma 3.4, combined with Lemma 2.12, on all but one of these annuli in order around ψ S (σ ′ ) × {0}, we can build an isotopy of S that keeps σ fixed, keeps R ∩ S invariant and ends at the map ψ S on all but one annulus of S \ R. The arc across this final annulus is homotopic, relative to its endpoints, to the remaining arc of ψ S (σ ′ ). Applying Theorem 3.3 and Theorem 3.1 shows that a suitable isotopy of S exists. After extending this by the identity to T σ ∪ (S × {0, 1}), we may again apply Lemma 2.12 to extend this to an ambient isotopy of S × [0, 1].
We have now correctly positioned ∂T σ ′ as well as the arc ρ = T σ ∩ T σ ′ . By [16] Chapter IV Lemma 4.6, we may isotope T σ ′ , keeping T σ ∪ (S × {0, 1}) fixed, to put it into general position with respect to 
Hence we have constructed a suitable isotopy H 2 .
Remark 3.6. Since the isotopies H 2 and H 3 in the proof of Lemma 3.5 are supported on N (S), the result can in fact be applied simultaneously to any combination of the toral boundary components of M .
Corollary 3.7. Let M , S, R, H and ψ be as in Lemma 3.5. Then there is an isotopy
Proof. By Lemma 3.5, we may assume that
Since h 0 is the identity map on S, this is continuous.
, and so x ∈ ψ(R).
Exact sequences
Fix a point p ∈ int(M ). 
is the group of isotopy classes of homeomorphisms from M ′ to itself, whereas Mod ∂ (M ′ ) is made up of homeomorphisms fixing the boundary up to isotopy fixing the boundary.
If M ′ is orientable, define Homeo
to be the analogous groups where all maps are required to be orientation-preserving, as well as Mod
Remark 4.2. Other similar groups could be defined, for example by considering maps that keep only some of the boundary components of M ′ fixed. Several of the results below would also hold in such cases, but we will not discuss them explicitly.
Proposition 4.3.
There is an exact sequence of groups
The same is true if Mod is replaced by Mod ∂ , or by either Mod
Proof. The first map Φ : Corollary 2.5 shows that Ψ is surjective, and hence the sequence is exact at Mod(M ). By Corollary 2.4, im(Φ) ⊆ ker(Ψ). On the other hand, Lemma 2.14 gives that ker(Ψ) ⊆ im(Φ). Thus the sequence is also exact at Mod(M p ).
Corollary 4.4. Suppose that M is orientable and K ≤ π 1 (M, p). There is an exact sequence
if and only if there is an exact sequence
Similarly, there is an exact sequence
Proof. For each of these four sequences, the sequence is exact if and only if K ∼ = ker(Φ), where Φ is as given in the proof of Proposition 4.3. The definition of Φ is dependent on which sequence is being considered. However, the definition of ker(Φ) is the same when considering Mod as when considering Mod + . Similarly, the definition of ker(Φ) is the same when considering Mod ∂ as when considering Mod
Remark 4.5. We will denote by Φ M the map Φ given in the proof of Proposition 4.3, unless the choice of manifold M is clear, in which case we will denote the map by Φ.
Our primary concern for most of the rest of this paper is to understand ker(Φ M ) for different manifolds M , particularly 3-manifolds. If ker(Φ M ) ∼ = 1 then the Birman exact sequence holds for M . Lemma 4.6. Assume ∂M = ∅, and fix p ′ ∈ ∂M . Let ρ be a simple closed curve in int(M ) based at p. Suppose that φ ρ is isotopic to the identity on M by an isotopy that keeps p fixed and takes p ′ around a loop that is null-homotopic in ∂M . Then ρ is null-homotopic in M . In particular, ρ is null-homotopic if the isotopy fixes ∂M .
be the isotopy from φ ρ to the identity, and define ρ
Let σ be an embedded path from p ′ to p. Then φ ρ (σ) is an embedded path from p ′ to p that is homotopic relative to its endpoints to σ · ρ. Now H shows that, relative to its endpoints, the path (
Therefore ρ is null-homotopic.
Corollary 4.7. If ∂M = ∅ then there is an exact sequence
Proof. Given Proposition 4.3, it remains only to check that Φ is injective. Lemma 4.6 shows that ker(Φ) ∼ = 1.
Remark 4.8. In Definition 2.1, we required that the isotopy used to define φ ρ keeps ∂M fixed. From now only we will only be concerned with studying Mod. In this case, Lemma 2.13 shows that we may drop this condition from Definition 2.1.
Surfaces and fibred 3-manifolds
Many of the ideas used up to this point also apply for surfaces, except that in this case we cannot require the closed curves we consider to be simple. We must also remove the dependence on Theorem 2.7, which is used to show that if ρ and ρ ′ are homotopic curves then φ ρ and φ ρ ′ lie in the same isotopy class, or equivalently that φ −1 ρ ′ • φ ρ is isotopic to the identity fixing p. We prove this for surfaces using the following results.
be the isotopy used to define φ ρ . Using H ρ and H, we will build a homotopy
2 whose boundary is the triangle with corners at (0, 0), (0, 1) and (1, Let Y ⊆ X be the two edges of the triangle bounding X that contain the point (1,
We wish to define a surjection θ :
We take the vertices to be A∪B ∪C ∪D. Add edges connecting both (0, 0, 0) and (0, 0, 1) to each point of {−2, 2} × {−2, 2} × { 
Finally, define H ′ by, for x ∈ M and t ∈ [0, 1],
. Now H ′ could be used to define φ ρ ′ except that it is a homotopy rather than an isotopy. However, essentially the same proof as Lemma 2.3 shows that φ ρ ′ is homotopic to the map x → H ′ (x, 1) by a homotopy keeping p fixed. Note that, for
. Therefore φ ρ and φ ρ ′ are homotopic keeping p fixed. By Theorem 1.2, they are then isotopic keeping p fixed.
Birman and Chillingworth noted in [6] that mapping class groups of nonorientable manifolds can be studied by looking at the same ideas in the orientation double cover. 
If M is a regular cover with covering group J then L π * (ker(Φ M )) and ker(Φ M )/L is isomorphic to a normal subgroup of J.
Moreover, if M is non-orientable and M is the orientation double cover of
from the identity on M to itself that can be used to define Φ M (ρ). The loop ρ lifts to a loop ρ in int( M ) based at p. Also, the isotopy H ρ lifts to an isotopy
beginning at the identity on M that can be used to define Φ M ( ρ). Note that Φ M ( ρ) therefore differs from the identity on M by a covering transformation. However, as Φ M ( ρ) fixes p this means that it is the identity map on M . Hence ρ ∈ ker(Φ M ). Therefore L ≤ π * (ker(Φ M )). Now let ρ and σ be loops in int(M ) based at p such that ρ ∈ L and σ ∈ ker(Φ M ).
) from the identity on M to itself that can be used to define Φ M (σ). This lifts to an isotopy
. Then ψ is a covering transformation of M corresponding to σ.
Let ρ and σ be the lifts of ρ and σ respectively to M beginning at p, and let
The map θ is now a group homomorphism. Let ρ and σ be loops in int(M ) based at p such that ρ ∈ ker(Φ M ) and σ ∈ π 1 (M, p).
Proposition 5.4. Let M be a compact, connected surface with χ(M ) = 0 (that is, M is not a torus, an annulus, a Möbius band or a Klein bottle). Then there is an exact sequence
Proof. By Proposition 4.3, we only need to check that ker(Φ M ) ∼ = 1. If M is nonorientable, its orientation double cover M is a compact, connected, orientable surface with χ( M ) = 0. Lemma 5.3 therefore allows us to reduce to the case that M is orientable.
If χ(M ) > 0 then M is either a sphere or a disc. Thus π 1 (M, p) ∼ = 1, and injectivity of Φ M is immediate. On the other hand, if χ(M ) < 0 then injectivity of Φ M is given by Theorem 1.1.
Lemma 5.5. Let N be a manifold, and let f, g : (N, ∂N ) → (N, ∂N ) be home-
so ψ is a well-defined map from M f to M g . In addition, for t ∈ [0, 1), the map x → ψ(x, t) is a homeomorphism of N × {t}. Hence ψ is a homeomorphism.
Lemma 5.6. Suppose M is a fibred manifold with base space N and monodromy
Remark 5.7. Note that here we do not really need ρ ω to be a closed loop, so it is not necessary that ω(p) = p.
Note that H(x, s, 1 − s) = (x, 1) ∼ ω (ω(x), 0) and H(ω(x), 0, t) = (ω(x), t) for x ∈ N and t ∈ [0, 1]. Therefore H is well-defined and continuous. Moreover, H(p, 0, t) = (p, t) = ρ ω (t) for t ∈ [0, 1]. Therefore H can be used to define φ ρω . In addition, H(x, s, 1) = (ω(x), s).
Lemma 5.8. Suppose that M is fibred with base space N and with monodromy ω : (N, ∂N ) → (N, ∂N ) .
If N is a surface (so M is a 3-manifold) and ρ m ω · ρ N ∈ ker(Φ M ) for some m ∈ Z then φ ρN • ω m is isotopic to the identity on N keeping p fixed. In particular, ω m is isotopic to the identity on N . 
Now suppose instead that N is a surface and ρ (N, ∂N ) be the isotopy used to define Φ N (ρ N ) on N . We may assume that H N keeps ∂N fixed throughout. Take the isotopy H N on N ×{0} together with the identity on ∂M , and extend this, using Lemma 2.12, to an isotopy
Thus, by Lemma 5.6, the restriction of ( H ρ (x, t) ). Then H N is a homotopy, keeping p fixed, from the identity on N to φ ρ • ω m . By Theorem 1.2, there is therefore an isotopy, keeping p fixed, from the identity on N to φ ρN • ω m . As φ ρN is isotopic to the identity on N , it follows that ω m is isotopic to the identity on N . 
Proof. We first show that if N in not a torus then χ(N ) = 0. If χ(N ) = 0 then N is a torus, an annulus, a Möbius band or a Klein bottle. Suppose N is an annulus. Then, as ω 2 is orientation-preserving, [8] Theorem 5.6 says that ω 2 is isotopic to the identity on N , contrary to hypothesis. If N is a Klein bottle, [21] Lemma 5 gives that Mod(N ) ∼ = Z 2 × Z 2 , so ω 2 must be isotopic to the identity. Suppose finally that N is a Möbius band. The restriction of ω 2 to ∂N is orientation-preserving and so is isotopic to the identity map on ∂N , by Theorem 3.2. By Lemma 2.12, this isotopy can be extended to an isotopy of N . Thus we may assume that the restriction of ω 2 to ∂N is the identity. Therefore [8] N, p) . Now assume N is not a torus. Again from Lemma 5.8, we see that Φ N (ρ N ) is isotopic to the identity on N keeping p fixed. That is, ρ N ∈ ker(Φ N ). As χ(N ) = 0, Proposition 5.4 shows that ρ N is null-homotopic in N . Thus ρ is null-homotopic in M . Therefore ker(Φ M ) ∼ = 1.
Proposition 5.11. Suppose M is fibred with base space N and monodromy ω : (N, ∂N ) → (N, ∂N ) . Suppose that ω is isotopic to the identity on N . Then there is an exact sequence
If N is a compact surface then there is an exact sequence
Proof. By Lemma 5.5, we may assume that ω is the identity, and so (p, t) . Then ρ is a simple closed curve based at p, and N, p) ). Now assume N is a surface. Let ρ N be a loop in int(N ) based at p such that ρ N ∈ ker(Φ M ). By Lemma 5.8, it follows that ρ N ∈ ker(Φ N ). Hence ker(Φ M ) ∩ π 1 (N, p) ≤ ker(Φ N ). Note that if χ(N ) = 0 then ker(Φ N ) ∼ = 1, so this gives an exact sequence
Conversely, let ρ N be a loop in int(N ) based at p such that ρ N ∈ ker(Φ N ). Then there is an isotopy
Then H M is an isotopy from the identity on M to itself that can be used to define
Corollary 5.12. If M is an annulus or a torus then there is an exact sequence
If M is a Möbius band then there is an exact sequence
If M is a Klein bottle then there is an exact sequence
Proof. If M is an annulus then it is fibred over a closed interval with monodromy the identity. If M is a torus then π 1 (M, p) ∼ = Z 2 . The proof of Proposition 5.11 shows that the generators of this group are in ker(Φ).
If M is a Möbius band then it is fibred with base space a closed interval and monodromy a reflection. Let ρ be a simple closed curve in int(M ) based at p running once around the fibration. Then ρ generates π 1 (M, p). By Lemma 5.6, φ ρ 2 acts as the identity on M . Hence ρ 2 ∈ ker(Φ). On the other hand, the loop ρ is orientation-reversing, so by Lemma 5.2 we know that ρ / ∈ ker(Φ). Thus
Now let M be a Klein bottle. Then M is fibred with base space a circle and monodromy a reflection. Let ρ and σ be simple closed curves in M based at p such that ρ runs once around the fibration and σ runs once around the base circle. Then every element of π 1 (M, p) can be expressed as σ s · ρ r for some r, s ∈ Z.
Suppose that σ s · ρ r ∈ ker(Φ). Then there is an isotopy H : M × [0, 1] → M from the identity to itself that takes p once around ρ r · σ s . This shows that, relative to its endpoints, ρ is homotopic to (σ
On the other hand, as for a Möbius band, ρ / ∈ ker(Φ) but ρ 2 ∈ ker(Φ). Therefore ker(Φ) = ρ 2 ∼ = Z and
If M ∼ = S 2 ×S 1 or M is a solid Klein bottle then there is an exact sequence
Proof. If M is orientable then it is fibred over either a sphere or a disc with monodromy the identity. In either case, Proposition 5.11 gives the desired result. If M is non-orientable then it is fibred over either a sphere or a disc with monodromy a reflection. Let ρ be a loop in int(M ) based at p that generates
On the other hand, Lemma 5.6 shows that ρ 2 ∈ ker(Φ). Therefore ker(Φ) ∼ = Z and
Lemma 5.14.
′ ∈ Z and a, b ∈ R. Let ψ : N → N be a homeomorphism. Then there exists a matrix A ∈ SL 2 (Z) such that ψ is isotopic to the map
Proof. By Corollary 2.5, we may assume that ψ(0, 0) = (0, 0). Then ψ induces an isomorphism ψ * : π 1 (N, (0, 0)) → π 1 (N, (0, 0)). Since π 1 (N, (0, 0)) ∼ = Z 2 , this isomorphism is defined by a matrix A ∈ SL 2 (Z). Let a 1 , a 2 , a 3 , a 4 ∈ Z such that
Define ψ ′ using A. Define ρ 1 , ρ 2 : [0, 1] → N by ρ 1 (t) = (t, 0) and ρ 2 (t) = (0, t). The path t → ψ(ρ 1 (t)) is a simple closed curve in N based at p, and is homotopic, keeping p fixed, to ρ (a 1 t, a 3 t) . Then σ 1 is a simple closed curve and is homotopic, keeping (0, 0) fixed, to ρ (a 2 t, a 4 t) . The path t → ψ ′′ (0, t) is a simple closed curve in N based at (0, 0) that only meets σ 1 at (0, 0) and is homotopic, keeping σ 1 fixed, to σ 2 . By Theorem 3.3, there is an isotopy of N , keeping σ 1 fixed, from ψ ′′ to a homeomorphism ψ ′′′ : N → N such that ψ ′′′ (0, t) = σ 2 (t) = ψ ′ (t) for t ∈ [0, 1]. Finally, Theorem 3.1 shows that ψ ′′′ is isotopic to ψ ′ keeping σ 1 and σ 2 fixed. 
is an eigenvector of A with eigenvalue 1.
Proof. By Lemma 5.5, we may assume that ω(a, b) = A(a, b) for a, b ∈ R. Therefore, for m ∈ Z, ω m is the identity if and only if A m = 1. Lemmas 5.8 and 5.6 give the first two conclusions.
Suppose ρ 
Hence H is well-defined. In addition, for a, b ∈ R and s ∈ [0, 1),
Thus H is an isotopy from the identity on M to itself. Define ρ : 
where K is as follows.
• If A is the identity matrix then K = Z 3 .
• If A is not the identity matrix but tr(A) = 2 then K = Z.
• If −A is the identity matrix then K = Z.
• If tr(A) ∈ {0, ±1} then K = Z.
• Otherwise K = 1.
6 Non-fibred 3-manifolds Proposition 6.1. Suppose M is a 3-manifold, that ∂M = ∅, and that at least one component of ∂M is neither a torus nor a Klein bottle. Then there is an exact sequence
Proof. Let S be a boundary component of M that is neither a torus nor a Klein bottle. Then S is a closed, connected surface with χ(S) = 0. Let ρ be a simple closed curve in int(M ) based at p such that ρ ∈ ker(Φ M ). Then there is an isotopy
be the restriction of H to S. Then H S gives an isotopy of S from the identity to itself. Let ρ ′ : [0, 1] → S be the path followed by p ′ under H S . Then H S can be used to define Φ S (ρ ′ ) on S. By Proposition 5.4, this means ρ ′ is nullhomotopic in S. Lemma 4.6 therefore says that ρ is null-homotopic in M . Hence ker(Φ M ) ∼ = 1.
Lemma 6.2 ([28] Lemma 7.4). Let M
′ be a closed, irreducible 3-manifold, and let R ⊆ M ′ be an incompressible surface. Let ψ : M ′ → M ′ be a homeomorphism with ψ(R) = R. If ψ is homotopic to the identity then ψ does not switch the sides of R.
Imitating the proof of Lemma 6.2 gives the following. Lemma 6.3. Let S be a separating 2-sphere in a compact, connected 3-manifold M ′ other than a 3-sphere. Let ψ : M ′ → M ′ be a homeomorphism such that ψ(S) = S. Suppose that ψ is isotopic to the identity. Then ψ does not switch the sides of S.
Proof. Let M 1 and M 2 be the two pieces into which S divides M ′ . That is, M 1 and M 2 are the closures of the two components of M ′ \ S. First suppose that
Hence ψ does not switch the sides of S. Suppose next that M 1 is a 3-ball. As M ′ is not S 3 , this means M 2 is not a 3-ball. Thus, since M 1 ≇ M 2 , again ψ cannot switch the sides of S. Now assume that M 1 and M 2 each have no boundary other than S, and that neither is a 3-ball. By the Poincaré Conjecture this means that
. If ψ switches M 1 and M 2 , there is an inner automorphism of π 1 (M ′ , p ′ ) (given by the path travelled by p ′ under the isotopy) that interchanges π 1 (M 1 , p ′ ) and π 1 (M 2 , p ′ ). Express the corresponding element as
, and x i+1 = 1 = y i for 1 ≤ i < m. Without loss of generality we may assume that
. This is a contradiction, since y −1
. Therefore ψ does not switch the sides of S.
The following lemma follows from the proof of [20] 
Proposition 6.7. Suppose M is a 3-manifold and contains an essential separating 2-sphere. Assume M is not RP 3 #RP 3 . Then there is an exact sequence
Proof. Let S be an essential separating 2-sphere in M , and isotope S in M so that p lies on S. Suppose that ker(Φ) ≇ 1. Let ρ : [0, 1] → M be a loop based at p such that ρ ∈ ker(Φ) \ {1}. Homotope ρ, keeping its endpoints fixed, to be in general position with respect to S and to have minimal intersection with S. Further homotope ρ so that it only meets S at p. Then the points where ρ meets S divide it into loops ρ 1 , . . . , ρ m based at p. Since |ρ ∩ S| is minimal, for
Let ( M , p) be the universal cover of (M, p). Let S be the lift of S containing p, and let ρ : [0, 1] → M be the lift of ρ that begins at p. Because no sub-loop of ρ is null-homotopic, ρ does not meet any lift of S more than once. Let S ′ be the lift of S containing ρ(1). Then S ′ is distinct from S. Since ρ ∈ ker(Φ), there is an isotopy
from the identity on M to itself that can be used to define φ ρ . This lifts to an isotopy of M that takes S to S ′ . Lemma 6.4 shows that S and S ′ together bound a manifold N ∼ = S 2 × [0, 1] in M . As ρ connects the two boundary components of N , and M is simply connected, N contains ρ. Every lift of S that ρ passes through therefore lies in N , and together these divide N into m copies of 
Remark 6.9. Given Proposition 6.1, the proof of Lemma 6.8 could be extended to give a proof of Proposition 6.7, using that a 3-manifold with a toral boundary component has a non-trivial fundamental group and that the fundamental group of a compact 3-manifold is residually finite (see, for example, [2] C.25). However, the proof of Lemma 6.17 will follow the pattern of that of Proposition 6.7. ′ be a compact, orientable, Haken 3-manifold other than a solid torus, and let G be an infinite cyclic normal subgroup of π 1 (M ′ ). Suppose there exists an orientable, incompressible, ∂-incompressible surface R properly embedded in M ′ with G ≤ π 1 (R). Then R is an annulus or a torus, and M is homeomorphic to a Seifert fibred manifold via a homeomorphism taking R to a union of fibres, and G is a subgroup of the infinite cyclic group generated by the path around a regular fibre. Proposition 6.14. Suppose M is an orientable, irreducible, ∂-irreducible 3-manifold. Further assume that M is not fibred, but has non-empty boundary consisting of tori. Then either there is an exact sequence
or M is Seifert fibred and ker(Φ) is generated by a power of a regular fibre.
Proof. As M is an orientable, irreducible 3-manifold other than a 3-ball, by [28] Lemma 1.1.6 there exists an oriented, incompressible surface R properly embedded in M with non-empty boundary that is not null-homologous in ∂M . Boundary compressing R will not change the homology class of ∂R, so we may assume R is ∂-incompressible. We may also assume that R is connected.
Let S be a component of ∂M such that R ∩ S is not null-homologous in S. Suppose some curve of R ∩ S is inessential in S. As R is incompressible, an innermost such curve bounds a disc component of R. We have assumed that R is connected, so this implies that ∂R is a single inessential loop in S. This contradicts that ∂R is not null-homologous in ∂M . Hence every curve of R ∩ S is essential in S. Isotope R so that p lies on R. Fix p ′ ∈ R ∩ S, and choose a path σ in R from p ′ to p. Define θ : π 1 (M, p) → Z by taking the algebraic intersection with R. Let G = ker(θ), and let ( M , p) be the infinite cyclic cover of (M, p) with π 1 ( M , p) ∼ = G. By Remark 6.5, M is irreducible. Since ∂M is incompressible in M , using Lemma 6.11 we see that ∂ M is incompressible in M . Let R be the lift of R containing p.
Assume ker(Φ M ) = 1, and let ρ be a simple closed curve in int(M ) based at p such that ρ ∈ ker(Φ M ) \ {1}. Then there is an isotopy Therefore R ′ = R. This means that Lemma 3.5 applies, and we may now assume that H(R ∩ S, t) = R ∩ S for t ∈ [0, 1]. In particular, the path ρ ′ of p ′ under H is contained within a single curve of R ∩ S. Let σ ′ : [0, 1] → S be a path with σ ′ (0) = σ ′ (1) = p ′ that runs once around the component of R ∩ S containing p ′ . Then ρ ′ is homotopic to (σ ′ ) r for some r ∈ Z. As in the proof of Lemma 4.6, σ is homotopic relative to its endpoints to (ρ ′ ) −1 · σ · ρ, and so
We therefore conclude that ker(Φ M ) ≤ π 1 (R, p), and either ker(
, and M is Haken and not a solid torus. By Proposition 6.13, R is an annulus and M is Seifert fibred with ker(Φ M ) a subgroup of the infinite cyclic group generated by the path around a regular fibre. Proof. Isotope R so that p lies on R. As R is incompressible, π 1 (R, p) ≤ π 1 (M, p). Suppose ker(Φ M ) π 1 (R, p), and let ρ be a simple closed curve in M based at p such that ρ ∈ ker(Φ M ) \ π 1 (R, p). We may choose ρ to be transverse to R. By Theorem 6.16, there exists a group G ≤ π 1 (M, p) of finite index with π 1 (R, p) ≤ G and ρ / ∈ G. Let ( M , p) be the finite-sheeted cover of (M, p) with π(π 1 ( M , p)) = G, where π : M → M is the covering map. In addition, let ρ be the lift of ρ beginning at p and let R be the component of
Then there is a path ρ ′ in R from ρ(1) to p. This path projects to a loop ρ
from the identity to itself that can be used to define φ ρ . This lifts to an isotopy H : M × [0, 1] → M that begins at the identity. This isotopy takes R to R ′ . Therefore R ′ is a lift of R. Choose ε > 0 such that (ρ(0, ε) ∪ ρ(1 − ε, 1)) ∩ R = ∅. Remark 6.5 tells us that M is irreducible, since M is. By Lemma 6.11, R is π 1 -injective in M . As π 1 (R, p) ≤ G, we see that R, and so also R ′ , is π 1 -injective and hence incompressible. By Proposition 6.12, R and R ′ bound a manifold N homeomorphic to
be an isotopy that pushes R ′ across N to R. Then the isotopy given by doing first H and then H ′ ends at a map ψ : M → M with ψ( R) = R. By Lemma 6.2, ψ does not switch the sides of R. This tells us that ρ(0, ε) and ρ(1 − ε, 1) either both lie in N or both lie outside of N , as ρ crosses R transversely at p. From this we see that M is a quotient of a manifold obtained from N by gluing R × {0} to R × {1} by some homeomorphism. . Let M ′ be a closed, orientable 3-manifold. Suppose G is a finitely generated normal subgroup of π 1 (M ′ ) of infinite index, with G ≇ Z. Then there is a closed surface R in M ′ such that G is a finite index subgroup of π 1 (R) and either M ′ is an R-bundle over S 1 or M ′ is the union of two twisted [0, 1]-bundles whose intersection, R, is the {0, 1}-bundle of each. Proposition 6.20. Suppose M is a closed, orientable, irreducible 3-manifold containing an embedded, incompressible torus R. Then one of the following holds.
• ker(Φ) ∼ = 1 and there is an exact sequence
• M is finitely covered by an R-bundle over S 1 .
• M is Seifert fibred and ker(Φ) ∼ = Z is generated by a power of a regular fibre.
Proof. Suppose M is not finitely covered by an R-bundle over S 1 . Then, by Lemma 6.17, ker(Φ) π 1 (R) ∼ = Z 2 . In particular, ker(Φ) is finitely generated. Assume ker(Φ) ≇ 1.
If ker(Φ) ∼ = Z then, by Proposition 6.13, M is Seifert fibred and ker(Φ) is a subgroup of the infinite cyclic group generated by a regular fibre. Now assume that ker(Φ) ∼ = Z 2 . Suppose ker(Φ) has finite index in π 1 (M ). Then π 1 (R) also has finite index in π 1 (M ). By Theorem 6.18, this cannot be the case. Hence ker(Φ) has infinite index in π 1 (M ). Therefore Theorem 6.19 applies. Let R ′ be the surface given by Theorem 6.19. As R ′ is 2-sided in M , it must be orientable. Given that ker(Φ) is a finite index subgroup of π 1 (M ), we see that R ′ is a torus. We have assumed that M is not fibred with fibre a torus, so M is formed from two twisted [0, 1]-bundles over a third surface R ′′ . Again using that M is orientable, we find that R ′′ is non-orientable. Since it is double-covered by R ′ , this implies that R ′′ is a Klein bottle. Then M is also fibred over S 1 with fibre a torus (see [18] VI.15c).
Theorem 6.21 ([14] Theorem 1).
A closed, orientable, irreducible Seifert fibred 3-manifold with infinite fundametal group is finitely covered by an S 1 -bundle over a closed, orientable surface with genus at least 1.
Lemma 6.22. Suppose that M is an orientable Seifert fibred 3-manifold with base space a 2-sphere and three exceptional fibres. Then either π 1 (M ) is finite or M is finitely covered by a manifold satisfying Proposition 6.20.
Proof. Assume that π 1 (M ) is not finite. Note that M is irreducible (see for example [18] VI.7). By Theorem 6.21, M is finitely covered by a manifold M that is an S 1 -bundle over a closed, orientable surface N with genus at least 1. That is, M is Seifert fibred over N with no exceptional fibres. Taking the S 1 -bundle over an essential simple closed curve in N gives an incompressible torus in M . In addition, M is closed, orientable and irreducible. Thus it satisfies Proposition 6.20. Proof. We will show that M is finitely covered by a manifold M ′′ for which ker(Φ M ′′ ) is isomorphic to a subgroup of Z 3 . Then Theorem 7.2 will follow from Lemma 5.3. With this aim, we may take finite covers of M as necessary. In particular, we may assume that M is orientable.
Conclusions
If M has a boundary component that is not a torus then Proposition 6.1 shows that ker(Φ M ) ∼ = 1. Suppose that every component of ∂M is a torus. If M is not prime, it contains a separating 2-sphere. Then Proposition 6.7 and Lemma 6.8 together imply that ker(Φ M ) ∼ = 1. If M is prime but not irreducible then M ∼ = S 2 × S 1 (see, for example, [15] Lemma 3.3), and Corollary 5.13 gives that ker(Φ M ) = π 1 (M, p) ∼ = Z. Therefore we may now assume that M is irreducible. If M has compressible boundary, then M is a solid torus, as noted in Remark 6.10. Corollary 5.13 again says that in this case ker(Φ M ) = π 1 (M, p) ∼ = Z. Hence we may also assume that M is ∂-irreducible.
Suppose first that M is not fibred over S If M contains an incompressible torus and ker(Φ M ) ∼ = 1 then, by Proposition 6.20, either M is Seifert fibred with ker(Φ M ) ∼ = Z, or M has a finite cover that is a torus bundle over S 1 . Suppose M does not contain an embedded incompressible torus, but there exists a map f : S 1 × S 1 → M such that the induced map f * : π 1 (S 1 × S 1 ) → π 1 (M ) is injective. By Theorem 7.1, M is then Seifert fibred. From the absence of any embedded incompressible tori in M , it follows that M is Seifert fibred over a sphere with at most three exceptional fibres or over RP 2 with at most one exceptional fibre (see, for example, [18] VI.7). On the other hand, the existence of such a map f implies that the surface is a sphere and there must be at least three exceptional fibres. Since we have assumed that π 1 (M, p) is infinite, Lemma 6.22 and Proposition 6.20 together give that M is finitely covered by a manifold M ′ such that either ker(Φ M ′ ) ≤ Z or M ′ is a torus bundle over S 1 . Hence we can further assume that M is atoroidal. The Hyperbolization Theorem says that M is hyperbolic with finite volume (see [2] Theorem 1.13). By the Virtual Fibering Conjecture ([1] Theorem 9.2; see also [10] ), M is therefore finitely covered by a manifold fibred over S 1 . It only remains to consider the case that M is fibred over S 1 . Denote by N the base space, and ω : (N, ∂N ) → (N, ∂N ) the monodromy. If ω m is not isotopic to the identity on N for any m ∈ Z \ {0} then, by Corollary 5.10, ker(Φ M ) is isomorphic to a subgroup of Z 2 (in fact ker(Φ M ) ∼ = 1 unless N is a torus). Suppose instead that there exists m ∈ Z \ {0} such that ω m is isotopic to the identity on N . Then M has a |m|-fold cover that is fibred over N with monodromy ω m . We may therefore assume that in fact ω is isotopic to the identity. By Proposition 5.11, it then follows that ker(Φ M ) ∼ = ker(Φ N ) × Z. ker(Φ M ) ∼ = Z or M is the 3-torus. In the first case Lemma 5.3 and Theorem 7.3 again combine to show that ker(Φ M ) ∼ = 1, contradicting our opening assumption.
In the third case π 1 ( M ) ∼ = Z 3 . Using Theorem 7.1, we therefore find that M is Seifert fibred. Theorem 7.4 gives that M is also Seifert fibred.
